We study the minimal "bathtub" toy model as an analytic tool for capturing key processes of galaxy evolution and identifying robust successes and challenges in reproducing observations at high redshift. The source and sink terms of the continuity equations for gas and stars are expressed in simple terms from first principles. The assumed dependence of star-formation rate (SFR) on gas mass self-regulates the system into a unique asymptotic behavior, which is approximated by an analytic quasisteady-state solution (QSS). We address the validity of the QSS at different epochs independent of earlier conditions. At high z, where the accretion is assumed to consist of gas only, the specific SFR is robustly predicted to be sSFR ≃ [(1 + z)/3] 5/2 Gyr −1 , slightly higher than the cosmological specific accretion rate, in agreement with observations at z = 3−8. The gas fraction is expected to decline slowly, and the observations constrain the SFR efficiency per dynamical time to ǫ ≃ 0.02. The stellar-to-virial mass ratio f sv is predicted to be constant in time, and the observed value requires an outflow mass-lading factor of η ≃ 1−3, depending on the penetration efficiency of gas into the galaxy. However, at z ∼ 2, where stars are also accreted through mergers, the simplest model has an apparent difficulty in matching observations. The model that maximizes the sSFR, with the outflows fully recycled, falls short by a factor ∼ 3 in sSFR, and overestimates f sv . With strong outflows, the model can reproduce the observed f sv but at the expense of underestimating the sSFR by an order of magnitude. We discuss potential remedies including a bias due to the exclusion of quenched galaxies.
INTRODUCTION
The bathtub toy model is simply the equation of conservation of gas mass in a galaxy, or in one of its components, sometimes combined with the analogous equation for stellar mass. The gas equation describes the net change of gas mass in the inter-stellar medium (ISM) as a difference between source terms and sink terms. When a whole galaxy is considered, the source term is the accretion rate, dictated by cosmology, but it can include recycled gas returning to the galaxy. The main sink terms are the rate at which gas turns into stellar mass and the gas outflow rate. The key for making the solution of this equation converge to a unique solution independent of the initial conditions is that the SFR is assumed to be proportional to the gas mass, and the other sink terms, especially the outflow rate, are assumed to be proportional to the SFR. This generates an interplay between the two components, where more gas mass allows a higher SFR which in turn reduces the gas mass, thus driving the system into a self-regulated state that is determined by the relative efficiencies of accretion, SFR and outflows. When the accretion rate and the SFR timescale vary slowly enough, the asymptotic solution can be approximated by a quasi-steady state (QSS, sometimes termed "equilibrium") that can be derived analytically.
The bathtub model is useful because it captures the key processes in a very simple and transparent way that makes it easy to trace their roles in the global evolution. It is appealing because it converges to a unique attractor solution, and even more so because of the analytic QSS solution. One of its attractive features is that at any time this solution is unique, independent of the initial conditions and independent of whether the same model was valid at earlier epochs. The model is thus useful even if its ingredients with specific values of the model parameters are valid only in a relatively short cosmological time interval.
The bathtub model has become a very useful tool in understanding in simple terms the gross features of galaxy evolution. As summarized in , it has been applied in different ways to study different aspects of the the evolution of a whole galaxy Davé, Oppenheimer & Finlator 2011; Davé, Finlator & Oppenheimer 2012; Lilly et al. 2013; Birrer et al. 2014) . Alternatively, it has been applied to the evolution of discs undergoing violent disk instability (VDI) where another sink term is the mass inflow from the disc to the central bulge (Dekel, Sari & Ceverino 2009; Forbes et al. 2013) . Recently it has been applied to the mass evolution of individual giant clumps in VDI disks (Dekel, Bournaud & Mandelker 2014) .
The bathtub toy model is not a replacement for the more elaborate semi-analytic models (SAMs) or for full hydro-cosmological simulations. This is a toy model, where on one hand the physical processes are represented by very idealized recipes but on the other hand their effects are fully transparent. It can thus serve for solid qualitative constraints on the parameters that characterize the accretion, SFR and outflows. It also serves for revealing robust successes or difficulties in understanding the origin of observed galaxy properties.
In the first part of this paper, we present the bathtub toy model and its ingredients in the case of a galaxy accreting from the cosmic web. We express the source and sink terms using the simplest possible scaling relations that we try to motivate from first principles rather than from simulations or observations. These simplified approximate expressions, in the Einstein-deSitter cosmological regime (approximately valid at z > 1), allow an analytic derivation of the QSS solution. We numerically compute the asymptotic solution, derive the analytic QSS approximation, analyze its range of validity, and reveal the role played by each process in major observable quantities at different cosmological epochs.
In the second part we address three rather intriguing observational results at high redshift, which we describe in more detail in §5. First is the average specific star-formation rate (sSFR) for massive star-forming galaxies (SFGs) as a function of redshift, which current estimates show to decline from ∼ 10 Gyr −1 at z ∼ 8 through ∼ 2 Gyr −1 at z ∼ 2 to ∼ 0.1−0.2 Gyr −1 at z = 0 (Whitaker et al. 2012; Stark et al. 2013; Labbé et al. 2013; Salmon et al. 2014) . Second is the gas fraction in the galaxy, f g , deduced to be ∼ 0.5 at z ∼ 2 and rather slowly declining with time at high redshifts (Daddi et al. 2010a; Tacconi et al. 2013) . Third is the stellar-to-virial mass ratio, f sv , estimated to be independent of redshift at z = 0 − 4, with a peak of ∼ 0.025 for halo masses in the range (0.5 − 5) × 10 12 M ⊙ (e.g. Moster et al. 2010; Moster, Naab & White 2013; Behroozi, Wechsler & Conroy 2013, see §5) . Given the universal baryon fraction f b ≃ 0.17, this implies that only ∼ 0.15 of the baryons that were supposed to enter the halo have made it to the central galaxy. The sSFR that exceeds the expected specific accretion rate at all times, the high gas fraction as late as z ∼ 2, and the very low f sv , all pose non-trivial theoretical challenges.
In addition, the observed Kennicutt-Schmidt starformation law (Kennicutt 1989) , which can be interpreted as a relation between the SFR in a galaxy and its gas content, reveals a rather constant SFR efficiency in a free-fall time at the level of one to a few percent (Krumholz & Tan 2007; Krumholz & Thompson 2007; Daddi et al. 2010b; Genzel et al. 2010; Krumholz, Dekel & McKee 2012) . Then, significant outflows are observed in high-redshift galaxies (Steidel et al. 2010; Genzel et al. 2011) , with mass-loading factors ranging from below unity to 10. In both cases the uncertainties are large, so we prefer to treat these as free variables.
The paper is organized as follows. In §2 we present the bathtub model and its ingredients. In §3 we describe the quasi-steady-state solution and work out analytically observable quantities of interest. In §4 we study the validity of the QSS solution. In §5 we make a simple comparison of the model to observations. In §6 we discuss the successes and failures of the model in reproducing the observations, and address the assumptions made in the toy model. In §7 we conclude our findings concerning the toy model and the comparison to observations.
THE MINIMAL BATHTUB MODEL

Continuity Equations
The bathtub model consists of straightforward mass conservation for the gas mass M g and the stellar mass M s in an evolving galaxy,
The accretion-rate termṀ a refers to all the baryons, gas and stars, as they enter the galaxy for the first time, where f ga and f sa = 1 − f ga are the fractions of gas and stars in this accretion, respectively (to be spelled out in §2.2). The termṀ sf is the star-formation rate (SFR) ( §2.3). The parameter µ is the fraction of mass in forming stars that remains in stars, the rest assumed to be instantaneously lost from the stars due to supernovae and stellar winds and deposited back in M g (Tinsley 1980 ), see §2.3. The parameter η is the effective massloading factor of the gas loss from the galaxy,
referring to the net gas lost from the galaxy M loss = M a − M b , where M a is the total fresh baryonic mass accreted into the galaxy, and M b = M g + M s is the baryonic mass in the galaxy. In our definition of the effective η, the mass loss is the outflow driven by stellar or AGN feedback minus the gas that flew out earlier and is now returning into the galaxy, termed "recycling" ( §2.4).
Accretion Rate
The average specific accretion rate (sAR) of baryons into the galaxy,Ṁ a /M a , is approximated by the specific accretion rate of total matter into the virial radius of the dark-matter halo,Ṁ v /M v , where M v is the total virial mass. The latter has been estimated quite robustly using theoretical considerations, confirmed and fine-tuned by simulations (Neistein & Dekel 2008) . The estimate, based on very simple arguments in the EdS regime, gives )
The power 5/2 is exact in the EdS regime, stemming from the fact that w ∝ (1 + z) ∝ t −2/3 is a selfinvariant time variable for structure formation, namely the halo-mass growth rate dM v /dw is constant in time, soṀ v ∝ẇ withẇ ∝ t −5/3 ∝ (1 + z) 5/2 . The slightly smaller powers proposed elsewhere (e.g. 2.2-2.4 proposed in Neistein, van den Bosch & Dekel 2006; Neistein & Dekel 2008 ) meant to provide global best fits in a larger redshift range, including the acceleration phase at z < 1. Similar fitting formulae based on simulations were proposed by others (Fakhouri & Ma 2008; Genel et al. 2008 Genel et al. , 2010 .
The approximation in eq. (4) ignores a weak additional mass dependence, roughly proportional to M 0.14 a (Neistein & Dekel 2008) . The power 0.14, which fits simulations for M v in the range 10 11 − 10 14 M ⊙ , originates from (n+ 3)/6 where n ∼ −2.1 is the log slope of the linear fluctuation power spectrum on the relevant scales. By ignoring this weak mass dependence one does not introduce a large error as long as the analysis involves a mass range limited to one or two decades. This approximation is adopted in our minimal toy model for two important reasons, as follows.
First, having the specific accretion rate independent of mass makes the sAR adopted in eq. (4) the same at the halo virial radius and at the galaxy boundary in the inner halo. We assume that the fraction of the baryons in the total mass accreted (including dark matter) into the virial radius equals the universal baryonic fraction f b ≃ 0.17. We denote by a penetration factor p the fraction of the baryons accreted into the virial radius that actually penetrate through the halo into the central galaxy,
The sAR is independent of p because bothṀ a and M a are proportional to the same p. The above is confirmed in hydro-cosmological simulations (Dekel et al. 2013, Figures 5 and 10) , where p is found to be about 0.5. Thus, the minimal toy model with eq. (4) is independent of the actual value of p. However, p will enter when we compare the model predictions to the observed stellarto-virial ratio that involves M v . The second benefit of the simple form of eq. (4) is that it can be integrated analytically to give a total baryon mass growth (ignoring outflows) of
where M ai is the initial value at time t i or redshift z i . Here we used the EdS approximation at z > 1 ),
(1 + z) = (t/t 1 ) −2/3 , t 1 = 17.5 Gyr .
At very high redshift, and for galaxies with relatively low masses, one may assume in eq. (1) f ga = 1. This has been the implicit assumption in several other applications of the bathtub model (e.g. Bouché et al. 2010; Davé, Finlator & Oppenheimer 2012; Lilly et al. 2013) . However, by z ∼ 2 and for massive galaxies, there is a non-negligible fraction of ex-situ stars coming in through mergers, f sa > 0. It will turn out below, as has already been noticed by , that the value of f sa makes a significant difference.
It may be helpful to compare our current notation with that of others who used the bathtub model, such as Davé, Finlator & Oppenheimer (2012, D12) and Lilly et al. (2013, L13) . For example, our µ is referred to in many cases as 1 − R. Our penetration factor p is equivalent to ζ of D12 (related to as "the preventive feedback parameter"), and to f gal of L13. In our case, however, p is not a basic parameter of the model. Our ϕ s is the same as f star in L12, so our stellar-to-virial mass ratio f sv = pf b ϕ s is in their notation f gal f b f star . Thė M grav of D12 is equivalent to our f ga f bṀv = f gaṀa /p, and theirṀ prev would be expressed in our notation as (1 − p)f ga f bṀv , where D12 and L13 implicitly assume f ga = 1. The quantity ǫ in L13 refers to the inverse of the depletion time, SFR/M g , which in our notation is t −1 sf , while in our notation ǫ is the SFR efficiency in a dynamical time, ǫ = t d /t sf , as more common in the literature. Our fiducial case assumes that our ǫ is constant, while their fiducial case is with their ǫ being constant. Finally, the modeling of recycling rate by D12 can be expressed asṀ rec = [α Z /(1 − α Z )]Ṁ a , where α Z is the ratio of metallicities in the inflowing and ambient ISM gas. This is actually equivalent to the way we model recycling, except that they add it to the source term while we subtract it from the sink term, §2.4.
Star-Formation Rate
The key to a steady-state solution for eq. (1), motivated by the empirical Kennicutt-Schmidt law and theoretical considerations (e.g. Krumholz, Dekel & McKee 2012) , is that the SFR is assumed to be proportional to the gas mass,Ṁ
The time t sf is the timescale for star formation to consume the gas reservoir (ignoring µ), also referred to as the depletion time (e.g. Genzel et al. 2008; Davé, Finlator & Oppenheimer 2012) . We assume here that it is proportional to the disk dynamical crossing time 
where R d and V d are the characteristic radius and rotation velocity of the disc (Krumholz, Dekel & McKee 2012) . As in , the disc dynamical time is approximated as proportional to the cosmological time,
We assume that the SFR efficiency factor per dynamical time ǫ is constant over the time interval of interest and independent of galaxy mass in the mass range of interest. Its value is indicated to be on the order of 0.02 (e.g. Krumholz, Dekel & McKee 2012) . A value of µ = 0.54 has been estimated in Krumholz & Dekel (2012, Appendix A, where R = 1−µ), adopting a Chabrier IMF and assuming that stars in the ranges (1 − 8)M ⊙ and > 8M ⊙ leave behind white dwarfs of 0.7M ⊙ and neutron stars of 1.4M ⊙ respectively. This estimate is valid after z ∼ 2, where the age of the Universe is several Gyr. At higher redshifts, considering that only stars with lifetimes on the main sequence shorter than 3 Gyr (or 1 Gyr) had time to return mass to the ISM by z = 3 (or z = 5.7), one obtains µ = 0.57 (or 0.62). The maximum value relevant at very high redshifts is thus not very different from the value of 0.54 adopted throughout our current calculations.
Outflow and Recycling
The outflow rate due to stellar feedback,Ṁ out , is assumed to be proportional to the instantaneous SFR, with a constant mass-loading factor η out =Ṁ out /Ṁ sf . Based on theory and observations of massive galaxies at z ∼ 2, η out is expected to be of order unity or a few (Genzel et al. 2011; .
A fraction of the gas that flew out at earlier times is assumed to be returning at a recycling rateṀ rec . We crudely approximate this also to be proportional to the instantaneous SFR, with a corresponding constant factor η rec =Ṁ rec /Ṁ sf . The effective mass-loading factor is
When recycling is taken into account, the effective η could be smaller than unity and even vanish.
In the quasi-steady-state solution discussed below ( §3), the SFR becomes proportional to the gas accretion rate, eq. (21). In this case, the way we incorporate recycling becomes equivalent to assuming that it is proportional to the instantaneous accretion rate, and then adding the recycling to the source term instead of subtracting it from the sink term. The term to be added to the source term isṀ rec = [f ga η rec /(µ + η)]Ṁ a .
Summary: Parameters and Observables
A summary of the model parameters is as follows. We adopt s = 0.03, the value estimated for the average sAR. We adopt µ ≃ 0.54 as a rather robust estimate at z < 2, and recall that it could be up to ∼ 20% higher at higher redshifts. The stellar fraction in the accretion, f sa , will turn out to be rather important. It could be negligibly small at very high redshifts, say z 4, but it is likely to be non-zero at intermediate redshifts, z ∼ 2. Once the parameters mentioned above are fixed at their fiducial values, the natural free parameters of the model are ǫ and η, which could vary from below 0.01 to above 0.02, and from zero to more than a few, respectively. In the current simplest version of the bathtub model, we assume that all these parameters are mass independent in a certain relevant mass range, and are constant during a certain cosmological time interval.
The penetration parameter p, which is necessary only for the comparison with observed fractions that involve the virial mass and is not an intrinsic parameter of the model, could vary about a fiducial value of p ∼ 0.5. This is based on hydro-cosmological simulations with a varying strength of supernova and momentum-driven feedback , and work in preparation based on simulations with stronger feedback).
For convenience, we define dimensionless fractions as follows. The gas and stellar mass fractions with respect to the baryons in the galaxy are denoted
The corresponding fractions with respect to all the baryons accreted (including those that later flowed out) are
(12) Most useful for characterizing the solution are the two fractions f g and ϕ s , both because each will turn out to be sensitive to a different parameter, ǫ or η respectively, and because they can be related to observations. The gas fraction f g is directly observable, and ϕ s is related to the observable stellar-to-virial mass ratio via the penetration parameter p, eq. (5),
Assuming initial values for f g and ϕ s at an initial redshift z i , eqs. (1) and (2) can be integrated forward in time. The third and most useful quantity is the sSFR, which is robustly predicted, insensitive to the values of ǫ and η, and is observable. Most of the quantities and parameters used are listed for convenience in Table 1 . It may be helpful to compare our current notation with that of others who used the bathtub model, such as Davé, Finlator & Oppenheimer (2012, D12) and Lilly et al. (2013, L13) . For example, our µ is referred to in many cases as 1 − R. Our penetration factor p is equivalent to ζ of D12 (related to as "the preventive feedback parameter"), and to f gal of L13. In our case, however, p is not a basic parameter of the model. Our ϕ s is the same as f star in L12, so our stellar-to-virial mass ratio f sv = pf b ϕ s is in their notation f gal f b f star . TheṀ grav of D12 is equivalent to our f ga f bṀv = f gaṀa /p, and theirṀ prev would be expressed in our notation as (1 − p)f ga f bṀv , where D12 and L13 implicitly assume f ga = 1. The quantity ǫ in L13 refers to the inverse of the depletion time, SFR/M g , which in our notation is t −1 sf , while in our notation ǫ is the SFR efficiency in a dynamical time, ǫ = t d /t sf , as more common in the literature. Our fiducial case assumes that our ǫ is constant, while their fiducial case is with their ǫ being constant. Finally, the modeling of recycling rate by D12 can be expressed aṡ
where α Z is the ratio of metallicities in the inflowing and ambient ISM gas. This is actually equivalent to the way we model recycling, except that they add it to the source term while we subtract it from the sink term, §2.4. Figure 1 shows in solid lines the exact numerical solution of eqs. (1) and (2) for the observable quantities, with the parameter choice f sa = 0 and ǫ = 0.02, and with p = 0.5 multiplying ϕ s . Shown for η = 1 are cases with different initial conditions (left), which converge to a unique asymptotic solution independent of the initial conditions. Also shown are solutions for different values of η = 0, 1, 3 (right). We next analyze the the convergence to the asymptotic solution and derive it analytically.
QUASI-STEADY-STATE
Steady-State and Quasi-Steady-State
Eq. (1) for M g (t) is of the forṁ
where the parameters are the gas accretion rate, A = f gaṀa , and the characteristic timescale, τ = t sf /(µ+η).
The negative M g term drives the system into a unique attractor solution. If A and τ are both constant in time, there is a simple solution to this equation,
for the initial condition M g = 0 at t = 0. For t ≫ τ , the transient component decays exponentially and the solution converges asymptotically to the steady-state (SS) solution
This is a stable attractive solution to which the solution converges independent of the initial value of M g becausė M g is a decreasing function of M g . In the cosmological case A and τ are varying in time, but rather slowly. If the variation timescale is significantly longer than τ (see §4), then one can approximate A and τ as being constant during periods of order τ in which M g is evolving rapidly, and assume a temporary steady-state solution in the form of eq. (16). We thus approximate the asymptotic quasi-steady-state (QSS) solution at t ≫ τ by
In the approximate QSS solution, eq. (1) reads
where According to eqs. (4), (9), and (7), θ evolves as
According to the QSS solution, the SFR is proportional to the accretion rate,
QSS Solution for Observable Quantities
We next evaluate quantities of interest that also involve the stellar mass, using the QSS solution of eq. (1) combined with eq. (2). We focus on the observable quantities, (a) the gas fraction f g , (b) the ratio of stellar mass to accreted baryon mass ϕ s that is observable through the stellar-to-virial mass given by f sv = pf b ϕ s , and (c) the specific SFR,
Inserting the QSS solution of eq. (1) into eq. (2), we obtainṀ
If the parameters are all constant in time, and if the QSS solution is valid since an initial time t i , one can integrate this equation in time to obtain
where C is the constant of integration, determined by the initial conditions at t i . The choice C = 0 is equivalent to
Even if C = 0, since M a grows rapidly according to eq. (6), the role of C in eq. (24) becomes negligible a short while after z i . For example, C/M a drops by a factor of 10 by z − z i ≃ −2.3/α ≃ −2.9. Thus, the effect of the initial conditions on the solution for M s is expected to become negligible after a time interval corresponding to ∆z ∼ 3, and the convergence is faster when the initial conditions do not deviate much from the asymptotic solution. Adding the gas mass from eq. (17) and the stellar mass from eq. (24), the baryonic mass is
Then, from eqs. (17) and (26), the gas fraction is
gradually decreasing with time following θ(t). Directly from eq. (24), we find that the stars-to-accreted-baryon fraction is constant in time,
and so is f sv = pf b ϕ s . Finally, using eq. (21) and eq. (24), we find that the sSFR is proportional to the specific accretion rate,
namely, based on eq. (4),
For the case of gas accretion only, f sa = 0 (f ga = 1), which could be valid at very high redshift and for relatively small masses, the QSS expressions for the observable quantities reduce to
(31) It is a very interesting feature of this model, with f sa = 0, that each of these observables is sensitive to another parameter of the model. Assuming that µ is given, the gas fraction is determined by ǫ through θ and is independent of η. In contrast, ϕ s depends on η only, so the observable f sv depends on η and p. Most interestingly, the sSFR is independent of ǫ and η; it's average is fixed by the rather robust estimates of µ and s. This is a powerful prediction of this model. Figure 1 shows in dashed lines the QSS solution, in comparison with the exact solution, for the same choices of parameters.
VALIDITY OF THE QSS SOLUTION
Error of the QSS Solution
We can estimate the error made by this approximation at time t as follows. The time derivative of the approximate M g (t) from eq. (17) isṀ g = d(Aτ )/dt, instead of theṀ g = 0 obtained when M g from eq. (16) is inserted in the right-hand side of eq. (14). Based on this inconsistency, the error inṀ g can be estimated by ∆Ṁ g = d(Aτ )/dt. Then, from eq. (14), with A given, the error in M g is ∆M g = −τ ∆Ṁ g . Dividing this by the approximate M g from eq. (17) one obtains
The two terms correspond to the ratios of τ and the timescales for variation in A and in τ , respectively, which are the two quantities that were assumed to be small for the validity of the QSS. For the time dependences of A(t) and τ (t) assumed in our modeling above, we have from eq. (8)
namely τ ∝ t andτ = τ /t. From eq. (4) and eq. (6) we deriveȦ
These give in eq. (32)
For example, with ǫ = 0.02 and η = 2, the error in M g is 5%, 13%, 27%, 57% at z = 1, 2, 4, 8 respectively. Thus, the QSS solution is a better approximation at later times. This is despite the fact that according to eq. (33) τ /t is the same at all times. The improvement with time is due to the fact that the timescale for variation ofṀ a with respect to t or τ [namely (A/Ȧ)/τ ] becomes longer in time. Note that the error associated with the QSS solution depends on all the model parameters, and, in particular, it is a decreasing function of η.
The relative errors in the SFR, M s and M b are expected to be comparable to the relative error in M g . The error in ϕ g , ϕ s and ϕ b are therefore all expected to be comparable, and estimated by eq. (35), because M a is given with no error. On the other hand, the errors in f g and f s , as well as in the sSFR, are expected to be of higher order and much smaller, because the errors in the numerators and in the denominators are similar and correlated. Figure 1 shows that, once the transient components decay, the exact solution also approaches a unique asymptotic solution, independent of the initial conditions. The exact solution for ϕ s deviates from the approximate QSS solution due to the time variation of A (and τ ) following the error estimate in eq. (35). This deviation gradually diminishes at later times. Figure 1 (right) shows how this deviation depends on η -it is at the level of less than 25% for η = 3, 25-40% for η = 1, and a factor of 2 or more for η = 0. Even better than expected, the QSS solution for f g and for the sSFR almost coincides with the exact asymptotic solution, making the analytic QSS solution very powerful.
Decay of Transients
The decay of the transient component in the exact solution can be estimated from its decay in the SS solution, eq. (15), namely ∝ exp(−t/τ ). According to eq. (33), t/τ is time-independent, t τ ≃ 2.82 ǫ 0.02 (µ + η) .
Thus, the asymptotic regime t ≫ τ is valid at all times as long as ǫ and η are sufficiently large. An exponential decay of the transient component by an order of magnitude, namely t/τ ≃ 2.3, requires µ + η 0.82 ǫ −1 0.02 . For ǫ ≃ 0.02 this condition is obeyed for any sensible value of η, while for ǫ ≃ 0.01 it requires that η exceeds unity. Note that the validity of the SS solution, t ≫ τ , depends on ǫ and η, but is independent of the accretion rate A (namely f gaṀa ).
As explained in §3.2, if the initial conditions significantly deviate from the QSS solution, the corresponding transients in the solution for M s are expected to decay as exp (−α∆z) . This is demonstrated in Fig. 1 . Shown in the left panel are three cases with different values of C in the initial conditions at z i = 10, specifically C/M ai = −0.25, 0, +0.5. We see that the exact solution converges to its unique asymptotic solution by z ∼ 6 − 7, i.e., the transients decay significantly during ∆z ∼ 3, as expected.
A Physical QSS Solution
Eq. (18) implies
Since θ is decreasing with time, eq. (20), ϕ g must also be decreasing with time. The by-definition requirement that ϕ g 1 induces a constraint on θ(t) for a given η,
Since θ is decreasing with t, this translates to a lower limit on the time where the QSS solution could provide a physical solution with ϕ g 1. The interpretation of this constraint is that prior to this time the available gas mass is insufficient for the SFR to catch up with the intense accretion rate. During this early period, the gas mass grows in time and the accretion rate gradually declines, until the SFR can catch up with the accretion rate and the QSS solution is approached. Using eq. (20), with ǫ = 0.02, we see that for η = 1 the QSS solution is physical in the range z 7.3, and for η 1.5 it is physical for z 9.7, namely in the whole relevant range. However, for ǫ = 0.01, with η = 1 the physical solution is limited to z 4.2, but with η = 3 it is valid in the whole range, z 8.5. Note that this validity criterion depends on the parameters ǫ and η as well as on f ga andṀ a .
COMPARISON TO OBSERVATIONS
Observations
We address here three rather intriguing observational results at high redshifts, indicated as symbols in Fig. 2 .
First is the average sSFR for massive galaxies as a function of redshift. This either applies to galaxies selected to have a fixed mass at different redshifts, or to have the same comoving number density, thus assumed to mimic an evolving sample of galaxies. At z 2, the results are relatively reliable thanks to measurements of H α and deep far-IR data. The average sSFR declines in time from 2 − 2.5 Gyr −1 at z = 2, through ≃ 0.7 Gyr −1 at z = 1, toward ∼ 0.1 − 0.2 Gyr −1 at z = 0 (Whitaker et al. 2012; Reddy et al. 2012 ). The high sSFR at z ∼ 2 and its potential conflict with theory have been noticed (Daddi et al. 2007) , and led to considerations of a topheavy IMF as a possible remedy (Davé 2008) .
At higher redshifts, the estimate of sSFR requires non-negligible modeling and assumptions. The uncertainties in the stellar population models, and especially the tentative implementation of emission lines, makes the results subject to systematic uncertainties by a factor of 2 or more. Early results indicated an apparent "sSFR plateau", with a constant sSFR in the range z = 2 − 8 (e.g. Stark et al. 2009; González et al. 2010; Labbé et al. 2010 ). Attempts to model this sSFR plateau revealed severe difficulties (Weinmann, Neistein & Dekel 2011) , and showed that it requires a non-negligible fraction of stars in the accretion. However, recent estimates have corrected the observed behavior of the sSFR at high redshifts, now showing a continuous decline with time. The calibration of absolute levels is more uncertain, with estimates of sSFR∼ 10 Gyr −1 at z = 7 − 8 declining to ∼ 2 − 3 Gyr
at z ∼ 3 (Gonzalez et al. 2012; Stark et al. 2013; Labbé et al. 2013; Duncan et al. 2014 ). In particular, estimates based on SED-fitting, that incorporates effects of nebular line emission and considers both starburst and SMC-type dust attenuation curves, reveal absolute values on the lower side (Salmon et al. 2014) . It is encouraging that the decline rate is not very different from the decline predicted for the specific accretion rate, but the fact that the observed sSFR is still at a somewhat higher amplitude is challenging.
The second observation is the gas fraction in the galaxy, which is deduced from CO observations to be ∼ 0.5 at z ∼ 2 and declining with time (Daddi et al. 2010a; Tacconi et al. 2010 Tacconi et al. , 2013 . Many simulations fail to reproduce such high gas fractions as late as z ∼ 2, as star formation in these simulations tends to consume most of the gas earlier. However, systematic errors are possible due to the assumed CO-to-gas conversion (Narayanan, Bothwell & Davé 2012 ) and due to a potential selection bias toward gas-rich galaxies ).
The third observation is the stellar-to-virial mass ratio, estimated from observations of stellar masses using abundance matching of dark-matter haloes from simulations (Guo et al. 2010; Moster et al. 2010; Moster, Naab & White 2013; Behroozi, Wechsler & Conroy 2013) . As can be seen in Figure 3 of Behroozi, Wechsler & Conroy (2013) , it turns out to be rather independent of redshift in the range z = 0 − 4, with a maximum value of f sv ∼ 0.025, obtained for halo masses of M v ∼ (0.5 − 5) × 10 12 M ⊙ . Given the universal baryon fraction f b ≃ 0.17, this implies that only ∼ 15% of the baryons that were supposed to enter the halo have made it into stars at the central galaxy, namely f sv /f b = pϕ s ≃ 0.15, which is a non-trivial challenge for the modeling. We tentatively adopt this low estimate, but one should mention that new determinations of stellar masses in bright central galaxies of clusters indicate that the stellar-to-virial ratio for very massive haloes at low redshift is actually higher then the earlier estimates, by a factor of 2-4 (Bernardi et al. 2013; Kravtsov, Vikhlinin & Meshscheryakov 2014) . This raises the potential worry that the adopted f sv is an underestimate also on the scales of interest here, ∼ 10 12 M ⊙ , and at high redshifts.
Significant outflows are observed in high-redshift galaxies (Steidel et al. 2010; Genzel et al. 2011) , with (2013) (green triangles). This bathtub model robustly reproduces the sSFR at z = 3 − 8, with ǫ = 0.02 uniquely constrained for matching the observed fg. The value of η is constrained to be η = 1 (left) or η = 3 (right) for pϕs to match the observed fsv/f b with a penetration factor of either p = 0.5 or p = 1 respectively. The only exception is the sSFR at z ∼ 2, which is under-predicted by a factor of ∼ 2−3.
a mass-loading factor ranging from below unity to 10, but the large uncertainty involved in these estimates makes us leave it as an open variable, to be determined by model fitting to the other observations. The situation is similar regarding the observed SFR efficiency (Krumholz & Tan 2007; Krumholz & Thompson 2007 ), which we leave free to be constrained by the other observations.
Gas Accretion Only
The simple QSS solution for the case of gas accretion only, f sa = 0, is given in eq. (31). We can use it to evaluate the fit to the observed sSFR and estimate the best-fit values for ǫ and η, which can then be fine-tuned using the exact solution. Figure 2 shows the observational constraints in comparison to the QSS and exact solutions with the best-fit choice of parameter values, as follows.
In order to obtain f g ∼ 0.5 at z ≃ 2, one needs in eq. (31) a value of θ ≃ 0.5, which, based on eq. (20), is obtained at z ≃ 2 for ǫ ≃ 0.02. Then, the value of f g is predicted to be gradually larger at higher redshift, e.g., f g ∼ 0.8 at z ∼ 10. A value of ǫ ≃ 0.01 gives at z = 2 a gass fraction of f g ≃ 0.67, which is too high, while ǫ ≃ 0.04 gives f g ≃ 0.34, which is too low.
For the comparison with f sv we assume a penetration of p = 0.5. In order to obtain the required low value for ϕ s in eq. (31), one needs non-negligible outflows, η ∼ 1. With p = 1, stronger outflows are required, η ∼ 3. The solution for pϕ s is shown in Fig. 2 for p = 0.5 and for p = 1. The fact that the exact solution for ϕ s is lower than the corresponding QSS solution makes it easier to match the low observed f sv with somewhat lower values of η.
Finally, with µ ≃ 0.54, the sSFR is roughly twice the specific accretion rate at all times in the QSS regime, independent of ǫ or η. There is no choice of the model parameters that can give on average higher values of sSFR. The predicted values are sSFR=0. 94, 3.4, 7.8, 14.6 Gyr −1 at z = 2, 4, 6, 8 respectively. This is in good agreement with the observations at z = 3 − 8. However, at z ∼ 2, the predicted average sSFR falls short by a factor of ∼ 2. We will return to possible solutions to this puzzle in §6.2.
Including Stellar Accretion
With a non-vanishing value for the stellar fraction in the accretion, f sa , the model faces difficulties in reproducing the observations. This is because the stellar accretion makes M s grow without a corresponding growth in SFR, thus pushing the sSFR down and f sv up (e.g., see the effect of a non-negligible f sa η in the QSS solution, eq. (29) and eq. (28) respectively). Furthermore, with f sa > 0, each of the observables becomes sensitive to more parameters than for f sa = 0, and in particular the sSFR is pushed down, more so when η is larger. Also, the deviations of the QSS toy solution from the exact solution become larger, especially for the sSFR. Figure 3 demonstrates these difficulties in the case f sa = 0.2. The left panel refers to a low value of η = 0, trying to push the sSFR up as much as possible. A value of η ≃ 0 may in fact have a sensible physical interpretation, where it represents a balance between outflow and recycling. A value of ǫ = 0.015 is now required for Figure 3 . Solutions of the bathtub model including stellar accretion, fsa = 0.2, with the average sAR, compared to observations. For more details see Fig. 1 and Fig. 2 . Left: With maximum-recycling η = 0 for maximum sSFR, and the best-fit ǫ = 0.015 for fg. Even with this low η the sSFR is slightly under-predicted at z = 3 − 8, and by a factor of ∼ 3 at z = 2, while the fsv/f b is over-predicted by ∼ 50% even with p = 0.5. Right: With η = 3 for a match of the fsv/f b with p = 0.5, and the best-fit ǫ = 0.007 for fg. Now the sSFR is under-predicted by a factor of ∼ 3 at z = 3 − 8, and by a factor of ∼ 7 at z ∼ 2.
a good match to f g at z ∼ 2, with no strong effect on the matching of the other observables. While the QSS solution is now a good match to the sSFR at z = 3 − 8, the exact solution slightly under-predicts the sSFR at z = 3 − 8, by ∼ 30%, and the predicted sSFR falls short more severely at z ∼ 2, by a factor of ∼ 3. With this low η, the exact solution for f sv overestimates the observed value by ∼ 50% even with p = 0.5. If p = 1, the deviation from the observed value becomes a factor of ∼ 3. One needs p ∼ 0.3 for a match. Note that the lowest possible value of ϕ s is f sa , obtained when η grows to infinity. Thus, a value of f sa > 0.15/p will make it impossible to match the observed M s /(f b M v ) = 0.15.
The right panel of Fig. 3 appeals to stronger outflows, η = 3, as required for a match of f sv with p = 0.5. For this η, a value of ǫ = 0.007 provides the desired match to f g at z ∼ 2. However, now the failure in matching the sSFR becomes more severe -an underprediction by a factor of ∼ 3 at z = 3 − 8, and by a factor of ∼ 6 − 7 at z ∼ 2 6 DISCUSSION 6.1 Model Fits Observations at z = 3 − 8
We should first recall that the asymptotic solution of the bathtub model with a given set of parameter values can be considered at a given cosmological period independent of whether it was valid at an earlier time.
At sufficiently high redshifts, and more so for less massive galaxies, the approximation of gas accretion only, f sa = 0, may be naturally acceptable. In this case, the simplest possible bathtub toy model turned out to be extremely successful in qualitatively reproducing the observations, and in constraining the rates of star formation and outflows. The QSS solution naturally reproduces the constancy in time of the stellar-to-virial mass ratio, ∝ ϕ s , and the gradual decrease of the sSFR with time at a level comparable and slightly higher than the theoretically estimated specific accretion rate. The observational requirement of f g ∼ 0.5 soon after z ∼ 3 dictates an SFR efficiency in a disk dynamical time of ǫ ∼ 0.02, which is consistent with what we knew a priori (Krumholz & Tan 2007; Daddi et al. 2010b; Genzel et al. 2010) . Independently, the requirement of pϕ s ∼ 0.15 dictates a mass-loading factor η ∼ 1 if the penetration is p ∼ 0.5, as deduced from simulations (and η ∼ 3 if p ∼ 1). This is consistent with the observational indications for rather intense outflows (Steidel et al. 2010; Genzel et al. 2011 ). This toy model, and its analytic QSS solution, can thus be very useful in the interpretation of observations at very high redshifts, say z 3.
However, at z ∼ 2, and in massive galaxies, the stellar accretion via mergers is not likely to be negligible . Even for f sa ∼ 0.2, and especially with non-negligible η, this component dominates the growth of stellar mass. It drives M s up independent of the SFR, and thus pushes the sSFR down and ϕ s up, away from the observed values. In this case, the model cannot simultaneously provide a perfect match to the high sSFR and the low ϕ s , as the former favors vanishing effective outflows, η ≪ 1, while the latter requires intense outflows, η ∼ 3. The case η = 3 is unacceptable, because the sSFR is severely under-predicted, by a factor of 3 at z = 3 − 8 and by a factor of 7 at z ∼ 2. The case η = 0, on the other hand, provides a potentially acceptable compromise, where the sSFR at z = 3 − 8 is under-predicted by only 30% and f sv is over-predicted by 50% for p = 0.5. The latter is properly matched if p = 0.3. Such a low value of p is possible since the haloes at z ∼ 2 and later are more likely to become more massive than the critical mass for virial shock heating (Dekel & Birnboim 2006) , where the penetration into the galaxy becomes more difficult. An alternative solution arises if the adopted low observed value of f sv is an underestimate (as might be indicated by Kravtsov, Vikhlinin & Meshscheryakov 2014 ). An increase of ∼ 50% in the observed f sv is needed for the model with η = 0 to match it.
A Challenge at z ∼ 2
The bathtub model highlights the fact that the sSFR at z ∼ 2 introduces a non-trivial challenge, with the observed value being ∼ 3 times the average specific accretion rate. Even for gas-accretion only, the predicted sSFR is short by a factor ∼ 2 compared to the observational estimates. With a relatively small component of stellar accretion, f sa = 0.2, and with η = 0, the deviation becomes a factor of ∼ 3. Higher values of f sa or η would make this deviation more severe. Thus, matching the high sSFR at z ∼ 2 is not easy. We address possible solutions next.
Recycling
A potential explanation for the high sSFR at z ∼ 2 is recycling, the return of gas that has been ejected earlier by feedback but remained bound. Since gas is likely to accumulate in the galaxy at earlier periods when the SFR is low compared to the accretion rate, it may be available for strong outflows (especially in low-mass galaxies), to be followed by recycling into more massive galaxies at z ∼ 2. The low SFR at very high redshifts may be due to the effect discussed in §4.3 where more gas is needed for the SFR to catch up with the intense accretion rate. It may also arise from a low SFR efficiency parameter ǫ, e.g., due to low metallicity in the galaxy building blocks .
Recycling is modeled in our minimal bathtub model in a very crude way, as a negative contribution to η. The model with η = 0 may thus be regarded as representing a period of intense recycling, where the return is at a rate comparable to the outflow rate at that time. With f sa = 0.2, this brings the underprediction of the sSFR at z ∼ 2 to the level of a factor of ∼ 3. The remaining deviation may possibly be reduced with a more sophisticated implementation of recycling in the modeling.
Other Parameters
One possibility for easing the tension concerning the sSFR at z ∼ 2 is to consider different average values for one or more of the model parameters. For example, the value of s describing the average sAR in eq. (4), deduced from simulations (e.g. , may possibly be an underestimate because the sample of galaxies simulated is biased against high-density environments, which are indeed more abundant at z ∼ 2 than earlier. A higher value of s would reproduce a higher sSFR, as desired.
Another possibility is that µ, the fraction of starforming mass that remains in stars, may actually be lower as a result of a top-heavy IMF. In this case one may wonder why this would happen at z ∼ 2 and not earlier.
Bias due to quenched galaxies
The high average sSFR indicated by observations at z ∼ 2 may reflect an observational selection bias toward the high sSFR galaxies, in the presence of scatter in the sSFR of different galaxies. Recall that galaxies are selected from the SFG population, which, by z ∼ 2, constitute only about half the massive galaxies, the rest being already quenched by that time (e.g. Kriek et al. 2006; van Dokkum et al. 2008; Tal et al. 2014) . A scatter can be introduced in the parameters of the bathtub model, that would lead to scatter in the predicted sSFR at a given time. However, our toy model does not attempt to model the actual quenching process, so the low-SFR galaxies are still star forming. The key for this effect to lead to a better agreement with the observed sSFR is that the sources for relatively low sSFR in the model would actually lead to an even lower sSFR, namely quenching, once quenching is incorporated, as in the real-Universe galaxies.
According to eq. (29), low sSFR is obtained in the model if s that characterizes the specific accretion rate in eq. (4) is low, and if µ + f sa η is high, namely when either µ or f sa η or both are high. We consider each of these sources of scatter. According to cosmological simulations, the distribution of s among snapshots, including scatter between galaxies and along the evolution of each galaxy, is ±0.45dex (Dekel et al. 2013, Figure 7) . Based on hydro-cosmological simulations with supernova and radiative stellar feedback, we deduce a typical scatter of ±0.3dex in η and a similar scatter in f sa among different output snapshots (House et al., in preparation; Tweed et al. in preparation) . Scatter in µ may reflect variations in the IMF.
High values of η and f sa may indeed lead to quenching. A high η indicates gas removal by stellar or AGN feedback (with little recycling) that would naturally lead to quenching. A high f sa is associated with a high dry-merger rate, which tends to occur in galaxy cluster environments, namely in more massive dark halos. Such halos are likely to be more massive than the critical mass for virial shock heating, ∼ 10 12 M ⊙ , and thus likely to be subject to halo-mass quenching (Dekel & Birnboim 2006; Woo et al. 2013; Dekel & Burkert 2014) . A low sSFR could occur in particular in a galaxy that is observed in a quiet accretion period but had significant gas-poor merging in the recent past, such that M s grew significantly but the SFR is similar to what it was before the mergers. In such a post-merger galaxy, which could also be post-starburst and post-outflow, quenching follows by gas consumption and removal. As for low values of s or high values of µ, while it is clear that they lead to low sSFR in the model, it is not clear whether they would lead to quenching in real galaxies.
Breakdown of the QSS
Another possible solution to the discrepancy at z ∼ 2 is a breakdown of the validity of the QSS solution over a short period of cosmological time. This could result from strong fluctuations in the gas accretion rate A with a short timescale, or similar fluctuations in the characteristic timescale τ . Such fluctuations may invalidate the QSS and limit the usefulness of the bathtub model for describing the instantaneous properties of galaxies, while it may still trace the long-term average properties. For example, the sSFR may get temporarily high without a corresponding increase in M s as a result of a star burst or a recycling burst.
Validity of the Model Assumptions
The ingredients of the minimal bathtub toy model discussed here involve certain simplifying assumptions worth discussing concerning the cosmology, accretion rate, SFR and outflows.
We have applied the model in the EdS regime, z > 1, in order to allow a simple analytic solution. However, the model can be easily applied in the regime where the ΛCDM cosmology deviates from the EdS approximation, down to z = 0. In this regime, the accretion rate deviates form the simple form of eq. (4), so the QSS solution has to be derived numerically. An extrapolation of the EdS expression to z = 0 gives a value of sSFR below 0.1 Gyr −1 , already qualitatively consistent with observations, so it recovers much of the lowredshift decline without appealing to the acceleration of the Universe or to baryon-physics processes. Note that when plotting the sSFR as a function of z rather than log(1 + z), the decline of the sSFR shows the familiar steepens with time after z ∼ 2, following the associated drop in the sAR. The decline gets steeper when taking into account the acceleration of the Universe at z < 1, and the quenching of massive galaxies in shock-heated haloes at low redshifts (Dekel & Birnboim 2006; van de Voort et al. 2011 ). An extrapolation of the EdS solution to z = 0 also yields a gas fraction estimate of f g ∼ 0.1 (for η ∼ 1 and f sa ∼ 0.5, say), and a value of f sv similar to its value at higher redshifts, both in the ballpark of the average observed values. The solution taking into account the acceleration phase is not very different.
A general limitation of the bathtub model is that the continuity equations refer to a given time, and the ingredients are all assumed to be instantaneous. In reality, the star formation lags behind the accretion of the gas involved, and the mass loss from stars (µ), the outflows from the galaxy (η out ), and especially the recycling (η rec ), all occur after the relevant events of star formation. The instantaneous quantities are sensible approximations once the system is indeed in or close to a quasisteady state, and where the time delays are shorter than the timescale for long-term variations in quantities such as the accretion rate and the star-formation time.
In the simple version of the toy model addressed here, mass dependence enters only through the linear mass dependence of the accretion rate and the SFR (virial mass and gas mass respectively). The model neglects any mass dependence of the specific accretion rate, t sf , or η, as well as µ (and p). This is a reasonable approximation over a certain mass range, but it may fail outside this range. A mass dependence may have certian consequences, e.g., a suppressed sSFR in low-mass galaxies at high redshifts would tend to increase the amount of gas available for star formation at z ∼ 2 (e.g. Bouché et al. 2010; . Introducing a mass dependence is possible, but it requires numerical integration of the bathtub model for a population of galaxies of different masses, and convolving the results with the mass function of galaxies. By integrating the continuity equations of the bathtub model one follows the time evolution of a given galaxy as it grows. This can be naturally compared to the average over observed galaxies selected at a fixed comoving number density at different redshifts, assumed to mimic the evolution of a given sample of galaxies, ignoring mergers. In the absence of mass dependence in the sAR, t sf and η, the predictions can also be compared to galaxies selected to have the same mass at the different redshifts. Indeed, the observed sSFR evolution for samples of galaxies selected in those two different ways is rather similar (Salmon et al. 2014 , Figure 17 ), indicating mass independence in the relevant mass range.
The stellar fraction in the accretion turned out to be a key factor. Given the uncertainty in this fraction, one may be tempted to try the extreme case where it is the same as the stellar fraction within the evolving galaxy at the same time, f sa = f s . This turns out to generate a rapid drop in f g soon after the start of the integration, in sharp disagreement with observations. We learn that f sa should grow much slower than f s , consistent with the fact that a large fraction of the accreted baryons is associated with galaxies of much lower mass and with smooth accretion, including massive recycling. A more reliable estimate of f sa at different epochs is yet to be determined.
The assumption that the SFR is proportional to the total gas mass is clearly a crude simplification, as we know that the SFR actually follows the molecular gas surface density, which does not necessarily follow the total gas mass density in the low-density and low SFR regime. Nevertheless, it is an approximation worth adopting even if crude, in the regime where it is not totally off, because it is the feature that drives the system into the self-regulated situation and makes it simple to work out. We adopted above the most natural assumption that the depletion time t sf is proportional to the disk dynamical time, and that the latter is proportional to the cosmological time. There is an observational indication for t sf ∝ (1 + z) −1 out to beyond z ∼ 2 (Saintonge et al. 2013) , which is not far from the t sf ∝ t assumed in the toy model. These observations are also consistent with the SFR being driven by the total gas mass. However, the assumption of t sf ∝ t may break down in different ways, e.g., the depletion time may vary in a slower pace, to the extreme that it may be close to constant in time in a certain epoch At a given time, this would be like adopting a different SFR efficiency ǫ, which would mostly affect the gas fraction f g , but would have little effect on the sSFR and on f sv .
The assumption that the outflow rate is proportional to the SFR with a constant mass-loading factor is supported by observations and is sensible theoretically for stellar feedback, but it is an approximation that may fail for AGN feedback and for other mechanisms that could be driving outflows. Our modeling of recycling as an instantaneous negative contribution to η is clearly simplified, and it may or may not capture the main features of the recycling process, which may be crucial for sorting out the discrepancy at z ∼ 2.
The penetration parameter p is not a necessary ingredient of the toy model. It is required only for the comparison of the model with observational estimates that involve the total halo mass, such as f sv . For a crude comparison with this observation, the typical value p ∼ 0.5 deduced from current simulations is appropriate, but a more detailed estimate of p from simulations that span a range of feedback strengths is desired.
CONCLUSION
The minimal bathtub toy model is shown to be a useful tool for tracing the roles played by key processes of galaxy evolution and identifying major successes and tentative failures in reproducing observations at high redshift. This model is based on simplified but robust continuity equations for the gas and for the stars. Because of the generic monotonic dependence of the SFR (and therefore outflow rate) on gas mass, the system is self-regulated into a unique asymptotic behavior, which can be approximated by a quasi-steady-state solution. The simple time and mass dependence of the average accretion rate into galaxies allows an approximate analytic quasi-steady state solution.
We derived the analytic QSS solution and evaluated the associated deviation from the exact solution for three observables: the sSFR, the gas fraction, and the stellar-to-virial mass fraction. We showed that the error is negligible for the first two, and is limited to the level of tens of percent for the third quantity. We studied the range of validity of the QSS solution, and found that the errors are smaller at later epochs, and when the outflows are stronger.
In the QSS regime, the average sSFR is proportional to the specific accretion rate, sAR, with an absolute value that is insensitive to the SFR efficiency in a dynamical time ǫ and to the outflow mass-loading factor η. The gas fraction is determined by ǫ, and f sv is driven by η.
At high redshifts, where the accretion is assumed to consist of gas only, the simple toy model reproduces the observations rather well with no need for fine tuning. The specific SFR is predicted with no free parameters to be sSFR ≃ [(1 + z)/3] 5/2 Gyr −1 , slightly higher than the cosmological sAR, in general agreement with the rather noisy observed sSFR at z = 3 − 8. The observed gas fraction constrains the SFR efficiency in a dynamical time to ǫ ≃ 0.02. The low f sv indicated from observations requires an outflow mass-loading factor of η ≃ 1 − 3, for a penetration efficiency of fresh gas into the galaxy of p = 0.5 − 1 respectively. Thus, the main features of galaxy evolution at high redshifts are captured by the simplest toy model. However, at z ∼ 2, where stars are also accreted, through mergers, there is a difficulty in matching the observations. The model with the highest possible sSFR, where the outflows are fully recycled, falls short by a factor ∼ 3 compared to the observed sSFR, and it overestimates f sv . With η ∼ 3, the model reproduces the latter but underestimates the sSFR by an order of magnitude. Thus, the toy model points at a robust challenge to theory at z ∼ 2.
A potential way to ease the tension at z ∼ 2 is by massive recycling, as in the case modeled by η = 0 in the minimal bathtub model. A more sophisticated implementation of recycling in the model may be required for a better match. The missing population of quenched galaxies in the observed average sSFR hints at an additional promising remedy. The galaxies where η or f sa are higher than average drive the predicted average sSFR down, and the same galaxies are indeed likely to be quenched in reality. Once these are removed, the predicted sSFR would become higher by a factor of 2-3 and thus closer to the observed value. Finally, the discrepancy at z ∼ 2 may be due to a breakdown of the QSS solution, e.g., by strong fluctuations in the accretion rate. Alternatively, one could not deny the possibility of some fundamental flaw in the assumptions that lie at the basis of the bathtub toy model. Identifying such a flaw would be very interesting.
One should conclude with a reminder that the bathtub toy model, at least in its trivial form discussed here, is not meant to provide a detailed model that perfectly matches the observations. It is useful for a simple and crude qualitative study of the central elements of galaxy evolution, and for pointing out robust successes or major potential failures in reproducing certain observations, which should trigger a more detailed study of these issues. This has been demonstrated here by showing the robust match to observations at z = 3 − 8, and by pointing out the non-trivial discrepancy at z ∼ 2.
On the other hand, the bathtub toy model can be extended to address other major observables, such as the evolution of gas metallicity in and outside galaxies and the scaling relations involving metallicity, as well as the hot gas content in the circum-galactic medium filling the halo and the associated with hot-mode accretion into the galaxy. Such extensions can be found, e.g., in , Davé, Finlator & Oppenheimer (2012) , and Lilly et al. (2013) , and they are shown to be good approximations (Pipino et al. 2014, in preparation) .
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